KomrsiekcHY uncia B reoMeTpudaTa

Kanuna Hukonosa

YBO/I B KOMIIVIEKCHUTE YHUCJIA

KomnsekcHo yuc1o

[lepuruyus 1: KoMIIsIeKCHO YMCIIO e YMCI0, KOeTo MoxKe fla ObZie peicTaBeHo 1of, ¢opmara a+ib
KbleTo a u b capeamHnuncia,a [ e MMarMHepHaTa eIMHMLIA, 3a KOSITO € BIPHO YPaBHEHHETO

i’=—1 .HapuuamMe a peanHaduyacT,a b — MMaruHepHa yacr.
z=a+ib , z€C
a=Rez
b=Imz
Cnedcmeue: MoykeM [la Ipe/iCTaBUM peaTHUTe YKMc/la KaTo KOMILIEKCHU ¢ umarvHepHa vact 0. (Toect

a=a+0-i aeR )

)

[echunuyus 2: KomnnekcHo uucio z=(a,b) MoxeM zia seuHMpaMe U KaTo Hape/ieHa JjBOiKa OT
peaHM uMcia a u b

Cnedcmeue: JIge komnnekcuu uncna  z,=(a,,b,) u z,=(a,,b,) paBmm < a,=a, u b,=b,

MHooicecmeomo Ha komniekcHume uncna ce 6enexxu ¢ C , toect €={(a,b)|a,bER]

ApummemuyHu ceolicmea Ha KOMN/1eKCHUMe Yucaa
[Ile pa3rnesame /iBe KOMIUIEKCHU yncna  z,=da,+ib, , z,=a,+ib, u z,=a,+ib, (um
z,=(a;,b,) , z,=(a,,b,) m z;=(ay,b,) ):

Cwbupane / uzgaxcoaHe:

Zl+22:(01+02’b1+b2) s Z1_22:(a1_azyb1_bz)
YmHodicenue:

Z1'22:(a1az_b1b2:alb2+azb1)
Henenue:

Z_ a,a,+b,b, a,b,—a,b,

- 2 2 0 2 2
Z, a, +b, a, +b,
s  z,+z,=z,+z, ,KOMYTaTUBHOCT P CLOMpaHe;
s (z,+z,)+z,=z,+(z,+z;) , acOLMATHBHOCT NpU CHLOMPaHE;
*  2,2,=7,Z, , KOMyTaTHBHOCT IIp1 yMHOXXeHHe;



s (z,2,)2z,=2,(z,2;) , acOLMATUBHOCT NPU YMHOKEHME;

. (z,+2,)2,=2,2,+2,2, , AUCTPUOYTHBHOCT.

[Techunuyus: KomniaekcHo cnpezHamo Ha iafieHo unucyio z=a+ib , z€C Hapuuame 4mCsIO C
paBHa peasiHa YacT ¥ paBHa MMarvHepHa 4acT, B3eTa C oOpareH 3HaK. O3HauaBame:

Z=a—ib
Ceolticmea:
. z=z , z€C
. z,+z,=z,+z, , z,,z,€C

b

. 2 7=a’+b’ , zeC

. z€ERez=7 , zeC
Zy\_ 1z

. — ==, z,,2,€C
Z,] 7,

[lecbunuyus: A6comomHa cmotiHocm (Modys) Ha fafieHo uucno z=a+ib , z€C ce nedurMpa
KaTto:

2=\ a*+b*

Ceoticmea:
d |z|2=zz , zeC
. |zl-zz|=‘zl"|zz| , 2,,2,€C
s zyzyez)=lz)flz) ) z0.2,,..2,€C
. lz|=]z| , zeC
A
z,| |z
. |zl‘:‘zz‘=1 u zlzzi—lz%lzzzZEIR

n n

. ZziSZ‘zi‘ , z,€C

i=1 i=1



n 2 n n
2 2
o Dlzw| =D |z > W[ - Hepasencmeo na Kowu-Bynskoscku-IIleapy 3a komniekchu
i=1 i=1 i=1

yucia

_1 —
IMpumep: AkK0O w e KopeH Ha roimHoMa P(z)=a,z"+a,z" +..+a,_,z+a, ,TOU W e KOpeH Ha
0 1 n—1 n
P(z)

TI'eomempuueH ud Ha KoMN/JIeKCHUMe YuUcAa

KoMrieKcHOTo uncio z=a+bi Moxe jia 6b/ie TIpejicTaBeHo B KOOP/MHAaTHa CHCTeMa KaTo Touka A ¢
xoopauHati (a,b)

Imaginary MosxeM /la pasLIMpUM eJJHOMepPHOTO MOHATHe 3a
axis a=Relz) peasiHa oc (YMCJIOBa Mpasa) /10 IByMepHa
4 b =Tmn(z) KOMII/IeKCHa paBHMHa. T4 ce feuHMpa upes jse
5 zZ =g+ - OCH, KOUTO Ce TIpecHyar Tog MpaB b’/ B
17770 ! @=Ahrg(z) 0(0,0) Toukara:
2| E |z| = Abs(z) PeanHa oc (xopu3oHTanHa) — Re
& _ .
! Beal z = Conj(z) e JmarunHepHa oc (BepTvKanHa) — Im
0 Kz " axis Taka aGCco/MrOTHATa CTOMHOCT Ha Z CHOTBETCTBA Ha
| pascTosiHMeTo oT Toukata A(a,b) 10 Toukara
: 0(0,0)
—bq------ 3 | lzl=d(A,0)=Va’+b’
z=a—bi

KommiekcHo criperHatoto Ha z - Z
CLOTBeTCTBa Ha ToukaTa B(a,—b) , cuMeTpuuHa Ha A CIIpSIMO peaJiHaTa oc.

HabmogaBame, ue z M Z Ca CUMeTPUYHH CIIPSMO I{eHThpa Ha KoopAuHaTHaTa cuctema — O(0,0)

Paduyc-eekmop: BeKTOp C Hayasio LeHThPa Ha KOOpJJUHATHATa CCcTeMa U Kpail — MPOM3BOJTHA TOYKaA.

ToecT Ha 7jajieHO KOMILTEKCHO UMC/I0 Z MOXKeM Jla ChIIOCTAaBUM KakTo v Touka A(a,b) , Takau
paguyc-sektopa OA ,cnauano O(0,0) mxkpaii A(a,b)
ViMa 61eKIis MeXX/ly MHOKeCTBOTO OT pa/idyC-BeKTOPUTe U TOUKUTe B paBHMHATA = HMa GUeKIus 1

MeXXJy MHO)KeCTBOTO Ha pasiuyc-Bektopute 1 C . ToecT cBolicTBaTa Ha paJjuyC-BeKTOpUTE BaKaT U
3a KOMIUIEKCHUTe YKc/a — cbOrpaHe, U3BaxkjaHe abCoMOTHA CTOMHOCT U T.H.

Pa3zdensiHe Ha omceuka 8 0adeHo omHouweHue: Heka A v B ca fiaieHy TOUKH, ChOTBETCTBAIIU Ha
KOMIUIEKCHUTe Uicia Z, U z, CboTBeTHO. Heka C e Touka oT oTceukara AB, pa3zensiia si B
OTHOLLIeHHe

A:u#—1 um uAC=ACB. Tnii kato AC=z—z, u CB=z,—z,710 u(z—z,)=A(z,~z) . Toecr


https://artofproblemsolving.com/wiki/index.php/Cauchy-Schwarz_Inequality
https://artofproblemsolving.com/wiki/index.php/Cauchy-Schwarz_Inequality
https://artofproblemsolving.com/wiki/index.php/Cauchy-Schwarz_Inequality

Az,+uz,
A+u

Z1+Z2

.Ako A:u=1 ,10 C= > ,

KOMITJIEKCHOTO 4YKUCJ/10, CbOTBETCTBAILO Ha Cec=

CchOTBeTCTBa Ha C — cpejjaTa Ha oTceukara AB.

3adaua: Heka ABCD e 4eTUpPUBI'BJIHUK U HeKa Toukute M ,N,P,Q,K,L ca cpeay Ha OTCEUKUTe
AB,BC,CD,DA,BD,CA cvorBeTHO. [lokaxkeTe, ye MN,NQ,KL ce npecuyar B e[jHa TOUKA
T , KOAATO pa3MoJiOBsiBa BCSKA OT TSIX.

Ynemeawe: IlpefcTraBeTe TOUKMTE HA YeTUPUBI'b/IHMKA KaTO KOMIIEKCHU YMC/la B KOMILIEKCHaTa
paBHHHA. M3pa3eTe cpeauTe Ha CTPaHUTe U JuaroHaauTe. Pasmienaiite cpejuTe Ha OTCEUKUTE
MN,NQ,KL wu okaxkeTe, ue ca efiHa U Cbllja TOYKa (elHO U CbILI0 KOMILJIEKCHO UYUCJIO).

Mpumep: TeOMETPUUHOTO MSICTO OT TOUKU Z , KOMTO YJOB/IETBOPSIBAT YPaBHEHHETo |z—Z|=R e
OKPBXKHOCT C LIEHTbp Z, U paguyc R ( |z—z) e pascTosHHETO MEXAy [BE TOUKH, YUHUTO
CbOTBETHM KOMITJIEKCHU UHMCJIa Ca CbOTBETHO Z M Z, ).

IMpumep: T'eoMeTPpUUHOTO MSICTO OT TOUKHU Z , KOWUTO Y/IOB/IE€TBOPSIBAaT ypaBHEHUETO
|z—zl‘:‘z—zz| € MHOKeCTBOTO OT TOUKH, PaBHOOT/Ia/IeUeHn OT 2z, U Z, . ToecT

|z—z,|=|z—z,| e ypaBHenueTo Ha cumeTpana Ha OTCeuKa, C Kpaulla ChbOTBETCTBAM HA Z, U Z,

3adaua: HamepeTe reoOMeTPUUHOTO MSICTO OT TOUKH, KOUTO CbOTBETCTBAT Ha KOMILJIEKCHOTO UUC/IO Z
2
, YAIOB/IETBOPSIBALIlO0 YCJIOBUETO |2 z|2|1 +z | .

Tpuzouomempuuen 6UO0 Ha KoMN/IeKCHUMe Yuc/1d

Im A Beue noka3zaxme, 4e Me>KJy PaJjuyC-BeKTOpUTe U
KOMIIJIEKCHUTe urc/ia uMa Ouekuusi. Cera Heka
npeAcTaBUM z=a+ib KaTo pasilyc-BeKTopa
OZ .Heka OZ CK/IHO4BA BI'bJIC MSPKA @ C
r=lz| TIOJIO’KMTE/IHATA YacT Ha peasHara oc. Ile
b Hapu4yame ¢ ap2yMeHm Ha KOMNieKCHOMO
Lo yucao zZ W lle 03HauaBaMme C:

| »
>

o) a Re p=Argz

ApPryMeHTBHT MOXe /la e T0JIO)KUTe/IeH Un
OTpUIiaTe/ieH B 3aBUCHMOCT OT OpHeHTallMsATa Ha bI'bjla (¢  (TIOJIO)KUTENIEeH, aKo ¢ € OpUeHTUpPaH
oOpaTHO Ha YaCOBHUKOBATA CTPe/Ka; OTPHULiaTe/ieH, ako ¢ € OpHeHTHpaH Mo YaCOBHUKOBATA
crpesika). Korato z=0 aprymeHTHT He e fleUHMpaH, 3aToBa I1je cuuTame, ye z7#0

[Tono)keHWeTo Ha TOYKaTa Z eJHO3HAuUHO ce Je(rHUpa upe3 1eKapToBY KOOpAuHaTy — (a, b), KakTo u
upe3 MoJsAPHU KOOpAMHATH — r=|z| u ¢ =Argz .Ille pa3riesame Kak ce TIpeficTaBs Z upe3
aprymeHTa ¥ abCO/IIOTHaTa CH CTOMHOCT:

a=rcos(¢), b=rsin(¢)



=z=a+ib=rcos(¢)+irsin(¢)=r(cos(¢)+isin(¢))

z=r(cos(@)+isin(¢)) , kbgeTo abcomoTHAaTa CTOMHOCT € eJHO3HAUHO feUHUpaHa, a ¢ ce
flebUHMpa eJ[HO3HAUHO B MHTEpPBas C Ab/DKUHA 271 . APryMeHT, y/J0B/IeTBOPSBALL, yC/IOBUETO

0<Argz<2sm ce Hapuua 21a6eH apayMeHm HA Z ¥ Ce 03HauaBa C argz .BceKu Jpyr apryMeHT Ha z
MOXKe fia Ce TIo/Tyuu upe3 nipubaesHe Ha 2k, keZ .

TpueoHomMempuuHO npedcmassiHe Ha KOMN/JAEKCHO UUCAO:

z=|z|(cos(arg z)+isin(argz))

Cneocmeue:
z,2,=|z)||z,|(cos (arg z, +arg z,)+isin(arg z,+arg z,)) (1)
2122:‘2122‘(C05(arg(lez))"'ism(arg(zlzz))) (2)
(Du ) =arg(z,z,)=argz,+argz,+2kx, k€EZ

z
AHa/IoruHO arg(z—l): argz,—arg z,+2kw, kEZ

2

‘bewn medswcdy npasu a (npe3 mouku A, u A, )ub (npe3mouku B, u B, ):

%(a,b)=<(A,A,,B,B,)=arg A, A,—arg B, B,=arg(a,—a,)—arg(b,—b,)=arg

a,—a,
bl_bZ

Dopmyna Ha Moaeep: z"=|z|"(cos(n-argz)+isin(n-argz))

3abenedcka: Moxke Jja ce IOKaXKe TI0 UH/YKIIWsI, U3TI0/I3BaliKH TOPHOTO CBOMCTBO

3adaua:
Hawmepere:
a) (—1+iV3)—(1+iv3) om. 2"
b) (1—iV3)(1+i)° Ot —256i
C) E 1990+ 1_1 1990+ ﬂ 1994+ 1_1 1994 OTF 210
V2 V2 V2 V2 '
d) 2158+2152+%, aKo z+%=1 Orr. —2
z

KopeH Oom KOMN/1EKCHO uUuc10:

Heka z#0 e KOMIUIEKCHO UMCIO U N e eCTeCTBeHO uncio. KopeH n-mu ot z ce fedyHUpa KaTo
TaKOBa KOMILJIEKCHO YUC/I0 W , KBIETO:



w'=z

OsHauaBame w=Yz

IIpunarame ®opmysara Ha MoaBsp:
z"=|z|"(cos(n-argz)+isin(n-argz)) u TPUrOHOMETPUUHUTE MPe/CTABIHMUSL:
z=lz|(cos(arg z)+isin(argz)) w=|w|(cos(argw)+isin(argw))
w"=|w|"(cos(n-arg w)+isin(n-argw))=z=|z|(cos(arg z)+isin (arg z))

>|w|"=|z|, n-argw=arg z+2k &

| =], argw=BZE2ET

Toecr WZ%ZW(COS(@)+I'SHI(@)), keZ

Ipu k =0, 1, 2, ..., n-1 monyyaBame n pa3TUYHU KOMIUIEKCHU KOpeHa, CJjiefl KOeTO KOpeHUTe 3arouBat
Jia ce TIOBTapAT. ToeCT uMame MEPUOIUYHOCT, KOSATO HU JlaBa TOYHO N Pa3/TMUHU KOMITIEKCHH KOpeHa.

3adaua: Hamepere V27’ Om. 3 cos(4kgl)ﬂ+isin(4kgl)ﬂ , k=0,1,2

3adaua: JlokaxeTe, ye BCUUKU KOMILIEKCHU UMC/Ia d U b yoBeTBOpsIBAaT paBeHCTBOTO

2(lal+|bl)=la+b—2+ab|+la+b+2ab|, kbaero Vab e equn ot gBara kopena Ha ab

3aoaua: ,Z[OK&)KETE, ye BCUUKH KOMIIJIEKCHM UMc/ia a u b YAOBJIETBOPABAT PaBEHCTBOTO

la+b|+|a—b|=|a+Va®+b|+|a—d* +b?

2 2 2 2
, KbIeTO Va +b” e eVH OT /iBaTa KOpeHa Ha a +b

T+2km

3ajjaua: Peere ypasHenueto (x+i)"+(x—i)"=0, n€N, n>1 O1r.  x=cotg o

3adaua: Janenu ca Tpu eqHakBU KBajipata ABCD, BEFC,EPQF . [la ce fiokaxe, ue
<ACD+<IAFD+<AQD:%



KOMIIVIEKCHW YUCJIA BI'EOMETPUATA

Ycnopednocm u nepneHOUKysipHocm

1. YcnopepHocT Ha rpaBute a U b

A A alb = A,A,||B,B,

;1 ,: a < <%(A,A,, B,B,)=0 um &

Heka xomMrieKcHUTe ync/ia
a,, a, u b, b, crorBeTCTBaT Ha

Toukure A,, A, u B, B, .

a,—a,
E"‘: B allb e argbl_bz—{O,n}

a,—a,
—e€eR
@bl_bZ

a,—da a,—da _ _
@bi_bz:(bi_bz) < (01_02)(bl_bz>_<d1_a_z)(b1_bz):0

2. TleprieHAMKY/SIPHOCT Ha MpaBuTe a U b

alb = A A,lBB,

a
= %(AA,, B,B,)=Z wm 37”
A A,
Hexka KoMIjieKCHUTe uuc/ia
a,, a, u b, b, cborBeTCTBaT Ha
Toukure A,, A, u B, B, .
B B a,—a 37
1 2 1% _ @
, alb < arg ={L,—=—]
' - b b—b, ‘2’2
a—a
T Al o——2clm
b1_b2
a,—a a,—a,
(—t = — f=—4
bl_bZ b1_b2

(01_02)(51_52)-'-(&1_62)(bl_bZ):O



